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ON GRADED LOCAL COHOMOLOGY MODULES DEFINED BY A 

PAIR OF IDEALS 

M. JAHANGIRI, KH. AHMADI AMOLI, AND Z. HABIBI 


Abstract. Let R = Rn be a standard graded ring, M he a finite graded i?-module 

and J be a homogenous ideal of R. In this paper we study the graded structure of the i-th 
local cohomology module of M defined by a pair of ideals (i?+, J), i.e. j{M). More pre¬ 
cisely, we discuss finiteness property and vanishing of the graded components j{M)n- 
Also, we study the Artinian property and tameness of certain submodules and quotient 
modules of 


1. INTRODUCTION 

Let R denotes a commutative Noetherian ring, M an i?-module and I and J stand for 
two ideals of R. Takahashi, et. all in [10] introduced the z-th local cohomology functor 
with respect to (J, J), denoted by as the t-th right derived functor of the (J, J)- 

torsion functor r/^j(— ), where := {x G M : I"'x C Jx for n ^ 1}. This notion 

is the ordinary local cohomology functor when J = 0 (see [3]). The main motivation for 
this generalization comes from the study of a dual of ordinary local cohomology modules 
Hj{M) (see [9]). Basic facts and more information about local cohomology dehned by a pair 
of ideals can be obtained from [10], [4] and [5]. 

Now, let R = ©ngNo-Rn be a standard graded Noetherian ring, i.e. the base ring Rq 
is a commutative Noetherian ring and R is generated, as an i?o-algebra, by hnitely many 
elements of Ri. Also, let J be a homogenous ideal of i?, M be a graded R-module and 
R_i_ := be the irrelevant ideal of R. It is well known ([3, Section 12]) that for all 

i > 0 the Tth local cohomology module Hj(M) of M with respect to J has a natural grading 
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and that, in the case where M is hnite, is a hnite i?o-Biodule for all n G Z and 

vanishes for all n 3> 0 ([3, Theorem 15.1.5]). 

In this paper, hrst, we show that H] j{M) has a natural grading, when I and J are 
homogenous ideals of R and M is a graded i?-module. Then, we show that, although in 
spite of the ordinary case, j{^)n might be non-hnite over Rq for some n G Z and 
non-zero for all n ^ 0, but in some special cases they are hnite for all n G Z and vanishes 
for all n 3> 0. More precisely, we show that if {Rq, mo) is local, R+ C b is an ideal of R and 

OO 

n ^oHUoR(^)n = 0 for all n 3> 0, then = 0 for all n S> 0. Also, we present 

k=0 

an equivalent condition for the hniteness of components j{^)n (Theorem 3.3). 

In the last section, hrst, we study the asymptotic stability of the set {AssiiQ{H}^^j{M)n)}n£Z 
for n —)■ —cx) in a special case (Theorem 4.1). Then we present some results about Artini- 
anness of some quotients of j{^)- particular, we show that if Rq is a local ring 
with maximal ideal mo and c G Z such that Artinian for all i > c, then the 

/^-module is Artinian (Theorem 4.2). Finally, we show that 

^R+ j(^) is ’’tame” in a special case (Corollary 4.4). 

2. GRADED LOCAL COHOMOLOGY MODULES DEEINED BY A PAIR OF IDEALS 

Let R = ®n&Rn be a graded ring, I and J be two homogenous ideals of R and M = 
©ngzdLn be a graded i?-module. Then, it is natural to ask whether the local cohomology 
modules H} j{M) for all i G Mo, also carry structures as graded i?-modules. In this section 
we show that it has affirmative answer. 

First we show that, the (J, J)-torsion functor F/^j(—) can be viewed as a (left exact, 
additive) functor from * C to itself. Since the category * C, of all graded i?-modules and 
homogeneous i?-homomorphisms, is an Abelian category which has enough projective object 
and enough injective objects, we can therefore carry out standard techniques of homological 
algebra in this category. Hence, we can form the right derived functors * H] j(—) of F/^j(—) 
on the category * C. 

Lemma 2.1. Let x = Xi^ + ■ ■ ■ + Xi^ G M he such that Xi- G Mi. for all j = 1, ■ ■ ■ , k. Then 


r{Ann{x)) 


n r{Ann{xi.)) 
i=i 


Proof, f): Is clear. 
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C: First we show that iiy = i/u + '' '+2/^ ^ Ann{x) such that yi^ G Ri^ for all /c = 1, • • • , m 
and li < I 2 < ■ ■ ■ < Im, then yi-^ G Dj^ir^Ann^Xi^)). We have 

n m 

0 = 2/x = ^ ^ , (*) 

j=l k=l 

comparing degrees, we get yi^Xi^ = 0. Let jo > 1 and suppose, inductively, that for all 
j' < Jo, y^Xi., = 0. Then using (*) we get 


H =0- 

i=l k=l 

Again, comparing degrees, we have yj°Xi.^ = 0. So, yi^ G r{Ann{xi.)). 

Now, let 1 / = i/Zj + • • • + yi^ G r{Ann{x)) such that h < I 2 < ■ ■ ■ < Im and yi. G Ri- for all 
j = 1, • • • , m. Then, there exists s G Mq such that y^x = 0. 


In order to show that y G n^j^^r{Ann{xi.)) we proceed by induction on m. The result is 
clear in the case m = 1. Now, suppose inductively that m > 1 and the result has been proved 

k 

for values less than m. Using the above agreement, we know that yi^ G fl r[Ann{xi.)) C 

i=i ^ 

r{Ann{x)). Then yi 2 + ■ ■ ■ + yi^ = V ~ Vh ^ r{Ann{x)). By inductive hypothesis, yi 2 + ■ ■ ■ + 

k k 

yim ^ A r{Ann{xi^)) and so, 1/ G fl r{Ann{xi.)). 


i=i 


i=i 


□ 


Lemma 2.2. T/j(M) is a graded R-module. 


Proof. Let x G Assume that x = + • • • + where for all j = 1, 2, • • • , A;, 

Xi. G Mi. and R < 12 <■■■< R- We show that - ^Xi^, G Vi^j{M). Since R is 

Noetherian, there is T G N such that {r{Annxi.)Y C Ann(xi.) for all j = 1,2, ■■■ ,k. Let 
n G No be such that M C Ann{x) + J. So, by Lemma 2.1, for all j = 1, 2, • • • , /c we have 

j 2 nt' ^ [Ann{x) + JY^' C {Ann{x)Y' + J*"' C {r{Ann{x))Y + J^' = {r\Yi'f'{Ann{xiY)Y' + 

C Ann{xiY + J- 

Thus Xij G Ti^j{M), as required. □ 

To calculate graded local cohomology module * H} j{M) {i G Nq), one proceeds as follows: 
Taking an *injective resolution 
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E‘ :0 ^ ^ ^ ^ - > E^ ^ ^ • • • , 

of M in * C, applying the functor F/j(—) to it and taking the i-th cohomology module of 
this complex, we get 

kerVi^jld^) 

imT 

which is denoted by * H} j{M) and is a graded i?-module. 

Remark 2.3. Let O^L^M-^N^Obean exact sequence of R-modules and R- 
homomorphisms. Then, for each i G No, there is a homogeneous connecting homomorphism 

* Hj j{N) —)■* and these connecting homomorphisms make the resulting homoge¬ 

nous long exact sequence 


0 ^ 

* 

* * 

-)■ 


(M) 

• HlRg) * 

-)■ 

Kj 

{N) 

->* 

H}AL) 

* * 

-)■ 

Hh 

(M) 

‘ H]^Ag) * 

-)■ 

HIj 

(N) 

-)■ ■ 









W,JL) 

* H} jU) * 

-)■ 

HpJ 

(M) 

* H\ A9) * 

-)■ 

Hpj 

(N) 










The reader should also be aware of the ’natural’ or ’functorial’ properties of these long 
exact sequences. 

Definition 2.4. IF^e define a partial order on the set 

* W{I, J) ■.= {a ■. a is a homogenous ideal o/i?; C a + J for some integer n > 1}, 

by letting a < b if a ^ b, for a, b G* W{I,J). If a < b, then we have Ta{M) C 
rt,(M). Therefore, the relation < on * W{I,J) with together the inclusion maps make 
into a direct system of graded R-modules. 

As Takahashi et. all in [10] showed the relation between the local cohomology functor 
H}{—) and H] j(—), we show the same relation between graded version of them as follows. 

Proposition 2.5. Let M be a graded R-module. Then there is a natural graded isomorphism 
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( lim 



oG* W{I,J) 


of strongly connected sequences of covariant functors. 

Proof. First of all, we show that Ti^j{M) = [jrn(M). 

oG* W{I,J) 

Suppose that x G Ijrn(M). Then there are a G* W{I,J) and integer n such that 

oG* W{I,J) 

I"- C a + J and x G ra(M). Let t G Mq be such that a* C Ann(x). Therefore C 
(a + C 0* + J* C Ann(x) + J and so x G r/j(M). 

C: Conversely, let x G T/j(M). Then J" C Ann(x) + J for some n G M. We show that 
X G Ta{M) such that o = r{Ann{x)). As r(Ann(x)) is homogenous by Lemma 2.1, and 
J” C Ann{x) + J, we have r{Ann{x)) G* W{I, J) and x G Tr(Ann(x)){M) . 

Now, [3, Exercise 12.1.7] implies the desired isomorpism. 


□ 


Remark 2.6. If we forget the grading on * H] j{M), the resulting R-module is isomorphic 
to H} j{M). More precisely, using [3, Proposition 12.1.3] and the fact that the direct systems 
W{I, J) and * W{I, J) are cofinal we have 


H]j(E)= Hl(E) = 0, 


aeW(I,J) aG* W(I,J) 


aG* W(I,J) 


for all i > 0 and all *injective R-module E. Now, using similar argument as used in [3, 
Corollary 12.3.3], one can see that there exists an equivalent of functors 



from * C to itself. 


As a consequence of the above remark and [3, Remark 13.1.9(ii)], we have the following. 


Corollary 2.7. Let f G Z, then 


for all i G N, where {■){t) :* C —)■* C is the t-th shift functor. 
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3. VANISHING AND FINITENESS OF COMPONENTS 

A crucial role in the study of the graded local cohomology is vanishing and hniteness of 
their components. As one can see in Theorem 15.1.5 [3], is a hnite i?o-iHodule for 

all n G Z and it vanishes for all n ^ 0. In this section we show that, although it is not the 
same for but it holds in some special cases. 

In the rest of this paper, we assume that R = Rn is a standard graded ring and M 

is a hnite graded i?-module. 

Local cohomology with respect to a pair of ideals does not satisfy in Theorem 15.1.5 [3], 
in general, as the following counterexample shows. 

Remark 3.1. (i) Let R = Z[X] and = (X). We can see that = z[x]„ ^ 

0 for all n G Nq. 

(a) Assume that J is an ideal of R generated by elements of degree zero such that JR^ = 0. 
R is easy to see that in this condition Vand therefore, [3, Theorem 15.1.5] 
holds for 

(Hi) Let (Ro,nro) he a local ring and dimRo = 0. Then T= Tr^{M) and, again, 
[3, Theorem 15.1.5] holds for 

The following proposition, indicates a vanishing property on the graded components of 
HI for ideal b = bo + R+ where bo is an ideal of Rq and mo is the unique maximal 

ideal of Rq. Vanishing of the components Hl{M)n for n S> 0 has already been stndied in [7]. 

Theorem 3.2. Assume that (Ro^^tio) is local and i G No. Let b ;= bo + R+ where bo is an 

OO 

ideal of Rq such that for all finite graded R-module M, n = 0 for all n > 0. 

k=0 

Then HI moRi^)n = 0 for all t) and all finite graded R-module M. 

Proof. We proceed by induction on dim M. 

Let J ;= moi?. If diniM = 0, then using [8, Theorem 1] = 0 for all n 0. 

Now, let dimM > 0. Considering the long exact sequence 

where M = M/TjM, by [7, Proposition 1.1] we get Hl j{M)n = Hl j{M)n for all n 3> 0. 
Therefore, we may assume that M is J-torsion free and so there exists Xq G xnQ\Zji^{M). 
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Now, the exact sequence 


implies the exact sequence 


0 ^ M ^ M ^ M/xoM 0 


^ ^ HljM/xoM), 


Then, by the assumptions and the inductive hypothesis, 

Hlj{M/xoM)n = 0 

for all n S> 0. So, 

for all n S> 0. Therefore, 

CO 

k={) 

for all n ^ 0. Now, the result follows by induction. 


□ 


In the following we present an equivalent condition for the hniteness of components 

Theorem 3.3. Let (i?o,iHo) be local and Jq C mo be an ideal of Rq. Then the following 
statements are equivalent. 

a) For all finite graded R-module M and all i G Mq, = 0 for n':^ t). 

b) For all finite graded R-module M, all i G Mq and n G Z, is a finite 

RQ-module. 

Proof. Let J = JqR. 

a)^ b) Let M be a non-zero hnite graded i?-module. We proceed by induction on i. It 
is clear that j{^) is a hnite i?-module and then j{^)n is hnite as an i?o"Hiodule 
for all n G Z. 

Now, suppose that i > 0 and the result is proved for smaller values than i. As = 

assume that M is an J)-torsion free i?-module and so 
i?_i_-torsion free i?-module. Hence contains a non zero-divisor on M. As M ^ R^M, 
there exists a homogeneous element x G i?+ of degree t, which is a non zero-divisor on M, 
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by [3, Lemma 15.1.4], We use the exact sequence 0 —)■ M A M(t) —)■ {M/xM){t) —)■ 0 of 
graded /^-modules and homogeneous homomorphisms to obtain the exact sequence 

for all n G Z. It follows from the inductive hypothesis that j{M/xM)j is a hnite Rq- 
module for all j G Z. Let s G Z be such that j{M)m = 0 for all m> s. Fix an integer 
n, then for some A; G No we get n + kt > s and then = 0. Now, for all 

j = 0, • • • , fc — 1, we have the exact sequence 

Since H}^^ j{M)n+kt = 0 and H''^^ j{M/xM)n+kt is a hnite i?o-niodule, so H}^^ j{M)n+{k-i)t 
is a hnite i?o-Biodule. Therefore is a hnite i?o-Biodule for j = 0,..., A; — 1. 

Now, the result follows by induction. 

b)^ a) The result follows from the above theorem. 

□ 


4. Asymptotic behavior of for n <c 0 

In this section we consider the asymptotic behavior of components j{^)n when 
n ^ —oo. More precisely, hrst we study the asymptotic stablity of the set 
{AssRQ{H}^^ j{M)n)}n<£Z in a special case. Then, we investigate the Artinianness and tame¬ 
ness of some quotients and submodules of 

Let us recall that for a given sequence {Snjnez of sets Sn C Spec{Ro), we say that {Snjnez 
is asymptotically stable for n —>■ — oo, if there is some no G Z such that Sn = Sno for all 
n < no (see [1]). Let the base ring Rq be local and i G Nq be such that the i?-module 
is hnite for all j < i. In [2, Lemma 5.4] it has been shown that {AssR^{H}^^{M)n)}nGZ is 
asymptotically stable for n —>■ — oo. The next theorem use similar argument to improve this 
result to local cohomology modules dehnes by a pair of ideals. 

Theorem 4.1. Let (i?o,mo) be a loeal ring with infinite residue field and i G No &e such 
that the R-module is finite for all j < i. If one of the equivalent conditions of the 

Theorem 3.3 holds, then AssRfiH]^^ j{M)n) is asymptotically stable for n —oo. 

Proof. We use induction on i. For i = 0 the result is clear from the fact that j{^)n = 0 
for all n <C 0. Now, let i > 0. In view of the natural graded isomorphism, j(AA) = 
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^R+ for all i G No, and using [3, Lemma 15.1.4], we may assume that there 

exists a homogeneous element x G which is a non zero-divisor on M. Now, by the long 
exact sequence 

for all j G Z, we have j{M/xM) is hnite for all j < i — 1. Hence, by the inductive 
hypothesis, 

AsSR,(i/yL(M/xM)„) = Ass„.(ff-y(M/xM)„,) =: A 

for some rii G Z and all n < rii. Furthermore, there is some n2 < Ui such that j{M)n+i = 
0 for all n < n2. Then for all n < 77.2 we have the exact sequence 

Thus, it shows that 

X C C X U AssrM^^j{MU,) 

for all n < 77,2. Hence 

AssRo(i^i?+,j(M)„) C AssR,{H}i^ j{M)r,+i) 
for all 77 < 772 and, using the assumption, the proof is complete. 

□ 

In the rest of paper, we pay attention to the Artinianness property of the graded modules 
^R+ ji^)- following proposition, gives a graded analogue of [5, Theorem 2.2]. 

Theorem 4.2. Assume that Rq is a local ring with maximal ideal rrio. If c ^ Z and 
^R+,moR(^) zs Artinian for all i > c, then the R-module HR_^_^moRi^)/^o^R+,moR(^) 
Artinian. 

Proof. Let m ;= mo + R+ be the unique graded maximal ideal of R and let J := moi?. 
We have for all i. Thus we can replace by m. We proceed the 

assertion by induction on 77 := dimM. The result is clear in the case 77 = 0. Let 77 > 0 and 
that the statement is proved for all values less than 77. Now, using the long exact sequence 


A;u(rj(V) ^ Hij(M) ^ ^ i/S(rj(M)), 
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and the fact that j{Vj[M)) = Hl^{Vj[M)) is Artinian for all i, replacing M with 
M/rj(M), we may assume that Vj{M) = 0. Therefore, there exists xq G mo\2’/jQ(M). 
Now, the long exact sequence 

HIJM) ^ ^ 

implies that H^j^M/xqM) is Artinian for all i > c and so, by inductive hypothesis, 
j{M/ xqM)/\x\.qH^ j{M/ xqM) is Artinian. Considering the exact sequences 


0 — )■ ImcXf. — y j(yM! xqM^ — y InijSc — y 0 

and 

Kj{M) ^ Ima, -x 0, 

we get the following exact sequences 

Tor^{RQ/mo, Iml3c) Imac/molma ^ H^ j(M/xoM)/moH^^ j(M/xoM) (A) 

and 

^ ^ ^ 0. (5) 

these two exact sequences implies that j{M)/moH^ j{M) is Artinian and the assertion 
follows. □ 

Let /, J be ideals of R. Chu and Wang in [5] dehned cd{I, J, R) := sup{i; H\^j{M) 7 ^ 0}. 
The following corollary is an immediate consequence of Theorem 4.2. 

Corollary 4.3. Assume that i?o is local with maximal ideal mo. If c := cd(i?+, moi?, M). 
Then is Artinian. 

Let T = be a graded i?-module. Following [1], we say that T is tame or 

asymptotically gap free if either T„ = 0 for all n 0 or else 7 ^ 0 for all n <C 0. Now, as 
an application of the above Corollary, we have the following. 

Corollary 4.4. Let (i?o,Tno) local and c := cd{R-^.,moR, M). If one of the equivalent 
conditions of Theorem 3.3 holds, then HR_^_^raoR(M) is tame. 

Proof. Let J = moi?. Since ImoR^^) Artinian so it is tame. Now, the 

result follows using Nakayama’s lemma. □ 
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Proposition 4.5. Let (i? 0 ;Rio) be local, J C R_^_ be a homogenous ideal of R and g{M) := 
sup{z : Vj < < cxo,V?7, 0} be finite. Then, the graded R-module 

is Artinian for i = 0,1 and all j < g{M). 


Proof. Since J C so is J-torsion. Therefore, . 

Now, the result follows from [6, Theorem 2.4]. □ 
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